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Lecture Note 5: Approximation Algorithm for Set Cover 

Problem Definition 

In this lecture note, we will consider the following optimization model: 

Input:   Set 𝑉 = {1, … , 𝑛}, Set 𝐸 ⊆ 2𝑉 (members of 𝐸 is a subset of 𝑉) 

Output:   Set 𝑆 ⊆ 𝑉 

Constraint:  For all 𝑒 ∈ 𝐸, 𝑆 ∩ 𝑒 ≠ ∅ 

Objective Function: Minimize |𝑆| 

The optimization model is a generalization of the vertex cover problem discussed in the previous lecture 

note. In the vertex cover problem, each member of 𝐸 is a set of 2 persons, while, in the set cover problem, 

the members can be a set of any size. 

 We introduce variables 𝑥𝑖 ∈ {0,1} for 𝑖 ∈ 𝑉. When 𝑖 ∈ 𝑆, we have 𝑥𝑖 = 1, and we have 𝑥𝑖 = 0 

otherwise. For each 𝑒 = {𝑢1, … , 𝑢𝑘}, we want to have one of 𝑥𝑢1
, … , 𝑥𝑢𝑘

 be 1. That is  

𝑥𝑢1
+ ⋯ + 𝑥𝑢𝑘

≥ 1. 

Let 𝐀 be a matrix with |𝐸| rows and |𝑉| columns, each column corresponds to a person in 𝑉 and each 

row corresponds to a member of 𝐸 . At each row corresponding to 𝑒 = {𝑥𝑢1
, … , 𝑥𝑢𝑘

} , elements 

corresponding to 𝑢1, … , 𝑢𝑘 are set to one, while the other are 0. Also, let 𝐛, 𝐜 be vectors, of which all 

elements are 1. We will have the following optimization model for the set cover problem: 

Input:   Matrix 𝐀, vectors 𝐛, 𝐜 

Output:   vector 𝐱 = [𝑥1, … , 𝑥𝑛]t, where 𝑥𝑖 ∈ {0,1} 

Constraint:  𝐀 ⋅ 𝐱 ≥ 𝐛 

Objective Function: Minimize 𝐜t ⋅ 𝐱 

Deterministic Rounding for Set Cover 

 The problem is NP-hard. However, because the problem is very close to the vertex cover 

problem, we may be able to solve the problem using deterministic rounding. We will again solve the 

following optimization model, called as “fractional set cover” by linear programming library: 

Input:   Matrix 𝐀, vectors 𝐛, 𝐜 

Output:   vector 𝐱 = [𝑥1, … , 𝑥𝑛]t, where 𝑥𝑖 ∈ [0,1] 

Constraint:  𝐀 ⋅ 𝐱 ≥ 𝐛 

Objective Function: Minimize 𝐜t ⋅ 𝐱 

Suppose that the optimal output from the library is 𝐱 = [𝑥1, … 𝑥𝑛]𝑛. In the previous lecture note, 

we output 𝐱′ = [𝑥1
′ , … , 𝑥𝑛

′ ]𝑡 when 𝑥𝑖
′ = 1 for 𝑥𝑖 ≥ 0.5 and 𝑥𝑖

′ = 0 otherwise. Unfortunately, the output 

does not always satisfy the constraint. When 𝑉 = {1,2,3} and 𝐸 = {1,2,3}, our only constraint is 𝑥1 +

𝑥2 + 𝑥3 ≥ 1. The optimal output from the library, 𝐱, could be [
1

3
,

1

3
,

1

3
]

𝑡
. Our output 𝐱′ will be [0,0,0]. 

We have 𝑆 = {}, which does not satisfy the constraint.  



In the vertex cover problem, there are always only two variables at the left side of each 

constraint. In the set cover problem, we can have more. The value of 1 at the right side can be distributed 

to more variables. When we have 3 variables, the maximum value of the variables at the left side could 

be as small as 1/3. When we have 𝑘, the value could be as small as 1/𝑘.  

 We change our rounding method based on the discussion on the previous paragraph. Let 𝑘 be 

a size of the largest set in 𝐸, which is the largest number of variables on the left side. We will output 

𝐱′ = [𝑥1
′ , … , 𝑥𝑛

′ ]𝑡 when 𝑥𝑖
′ = 1 for 𝑥𝑖 ≥

1

𝑘
 and 𝑥𝑖

′ = 0 otherwise. 

Theorem: The deterministic rounding mentioned in the previous paragraph is a 𝑘 -approximation 

algorithm for the set cover problem. 

Proof: Consider an arbitrary constraint. The constraint should have 𝑚 ≤ 𝑘 variables on the left side. 

Suppose that the constraint is 

𝑥𝑢1
+ ⋯ + 𝑥𝑢𝑚

≥ 1. 

We know that one of 𝑥𝑢1
, … , 𝑥𝑢𝑚

 should be more than 
1

𝑘
. Otherwise, 𝑥𝑢1

+ ⋯ + 𝑥𝑢𝑚
≤

1

𝑘
+ ⋯ +

1

𝑘
=

𝑚

𝑘
≤ 1, and the constraint is not satisfied. Because of that, by the rounding mentioned, we will have one 

of 𝑥𝑢1
′ , … , 𝑥𝑢𝑚

′  equal to 1. We will have 𝐱′ = [𝑥1
′ , … , 𝑥𝑛

′ ]𝑡 that satisfies the constraint. 

 When 𝑂𝑃𝑇  is the optimal value for a particular input, as 𝐱 is an optimal solution from a 

minimization problem with more possible outputs (more flexible constraint), we have 𝐜𝑡𝐱 ≤ OPT. Also, 

because 𝑥𝑖
′ ≤ 𝑘 ⋅ 𝑥𝑖, we have 

𝑆𝑂𝐿 = 𝐜𝑡𝐱′ = ∑ 𝑥𝑖
′

𝑖

≤ 𝑘 ⋅ ∑ 𝑥𝑖

𝑖

= 𝑘 ⋅ 𝐜𝑡𝐱 ≤ 𝑘 ⋅ 𝑂𝑃𝑇. 

    

We have 𝑘-approximation algorithm from the deterministic rounding. The approximation ratio 𝑘 seems 

to be appealing in many applications, but not in many. In the worst case, 𝑘 = 𝑛, and 𝑛-approximation 

algorithm is not appealing at all. A trivial algorithm that outputs all elements in 𝑉  is also an 𝑛 -

approximation algorithm, because, for that case, 𝑆𝑂𝐿 = 𝑛, 𝑂𝑃𝑇 ∈ [1, 𝑛], and 𝑆𝑂𝐿 ≤ 𝑛 ⋅ 𝑂𝑃𝑇. 

 We observe that we assign too many variables to 1 in the deterministic rounding. For example, 

when we have a constraint 𝑥𝑢1
+ ⋯ + 𝑥𝑢𝑘

≥ 1 and 𝑥𝑢1
= ⋯ = 𝑥𝑢𝑘

= 1/𝑘, we have 𝑥𝑢1
′ = ⋯ = 𝑥𝑢𝑘

′ =

1 which means we select all the nodes 𝑢1, … , 𝑢𝑘 to the set 𝑆 where only one of them is required for this 

constraint. We should find a way that pick only a few of them, but, actually, it is not very easy to pick. 

Randomness sometimes can help us passing through the complication. 

Randomized Algorithm 

Randomized algorithms are algorithms that will work differently on each execution. However, the 

different work will be controlled by a probability distribution. For example, we might set a = 0 with 

probability 0.7, and set a = 1 with probability 0.3. During the program execution, we will toss a 

(biased) coin and assign the value of 𝑎 based on the coin value. 

 Because our program will work differently on each execution, we might get an optimal solution 

at some execution. On the other hand, we may get an output with a very bad objective value, or even 

an output that does not satisfy our constraint. However, there is a way to prevent that. Suppose that, at 

each iteration, we have an output that satisfies the constraint with probability 0.5. We have not got the 

desirable output there with probability 0.5, but, for that case, we can rerun the algorithm again. The 

success probability after the second iteration is 0.5 +  0.5 ×  0.5 = 0.75. The following figure will 



show that the success probability is 1 − 1/2𝑛  after the 𝑛th iteration. When 𝑛 is as large as 30, the 

failure probability is 1/230, which is much smaller than the hardware failure probability. 

 

Randomized Rounding 

We will introduce the concept of randomized algorithm to rounding. Previously, we have 𝑥𝑖
′ = 1 when 

𝑥𝑖 is large enough. Now, we will have 𝑥𝑖
′ = 1 with a larger probability when 𝑥𝑖 is large. To be more 

precise, we will have 𝑥𝑖
′ = 1 with probability 𝑥𝑖.  

For example, when 𝑘 = 3 and we have a constraint 𝑥1 + 𝑥2 + 𝑥3 ≥ 1, suppose that we have 

𝑥1 = 0.6, 𝑥2 = 0.4, 𝑥3 = 0 from the linear programming library. In deterministic rounding, we will 

have 𝑥1
′ = 𝑥2

′ = 1 and 𝑥3
′ = 0, but, in randomized rounding, we will have 𝑥1

′ = 1 with probability 0.6, 

𝑥2
′ = 1 with probability 0.4, and 𝑥3

′ = 1 with probability 0. 

Let try to calculate the probability that the constraint is satisfied. On this example, the constraint 

will not satisfy if all 𝑥1
′ , 𝑥2

′ , 𝑥3
′  are 0. The probability is (1 − 0.6) ⋅ (1 − 0.4) ⋅ 1 = 0.24. For general 

𝑥1, 𝑥2, 𝑥3, the probability is  

(1 − 𝑥1) ⋅ (1 − 𝑥2) ⋅ (1 − 𝑥3) ≤ 𝑒−𝑥1 ⋅ 𝑒−𝑥2 ⋅ 𝑒−𝑥3 = 𝑒−(𝑥1+𝑥2+𝑥3). 

Because we always have 𝑥1 + 𝑥2 + 𝑥3 ≥ 1, we have 𝑒−(𝑥1+𝑥2+𝑥3) ≤ 𝑒−1 ≤ 0.37. The probability that 

the constraint is satisfied is about 0.63.  

 We can apply the calculation in the previous paragraph to any other constraint. We will know 

that the probability that a constraint is satisfied is more than 0.63. That probability looks promising. 

However, because we want to satisfy all constraints, when the number of constraints is 100, having each 

constraint failed with probability 0.37 is not good enough. 

 We now know that having 𝑥𝑖
′ = 1 with probability 𝑥𝑖 is not so nice. The probability might be 

too small. Let us try to have a larger probability. Let us try a probability 1 − (1 − 𝑥𝑖)𝑡 for some integer 

𝑡 > 1. The failing probability for the constraint 𝑥1 + 𝑥2 + 𝑥3 ≥ 1 would be 

(1 − (1 − (1 − 𝑥1)𝑡)) ⋅ (1 − (1 − (1 − 𝑥2)𝑡)) ⋅ (1 − (1 − (1 − 𝑥3)𝑡))

= (1 − 𝑥1)𝑡 ⋅ (1 − 𝑥2)𝑡 ⋅ (1 − 𝑥3)𝑡 ≤ 𝑒−𝑥1𝑡𝑒−𝑥2𝑡𝑒−𝑥3𝑡 = 𝑒−𝑡⋅(𝑥1+𝑥2+𝑥3) ≤ 𝑒−𝑡. 

Again, the calculation can be apply to any constraint, so the failing probability for each constraint is 

𝑒−𝑡. Now, let calculate a probability of having some constraint failed. Because the number of constraint 

is |𝐸|, we have 

Pr[some constraint failed] ≤ ∑[constraint 𝐶 failed]

𝐶

≤ 𝑒−𝑡 ⋅ |𝐸|. 



 When the failing probability of an execution is no more than 1/2, we can iterate the executions 

many times to have an arbitrary small failing probability. Because of that, we target to have 

Pr[some constraint failed] ≤ 1/2. To guarantee that, we need 𝑒−𝑡 ⋅ |𝐸| ≤ 0.5. 

𝑒−𝑡 ≤ 0.5/|𝐸| 

ln 𝑒−𝑡 ≤ ln
1

2|𝐸|
 

−𝑡 ≤ − ln(2|𝐸|) 

𝑡 ≥ ln(2|𝐸|) = ln|𝐸| + ln 2. 

The probability that we have 𝑥𝑖
′ = 1 should be equal to 1 − (1 − 𝑥𝑖)ln(2|𝐸|). 

 The randomized rounding algorithm is summarized as follows: 

1: Use a linear programming library to solve the fractional set cover problem.   

   Suppose that the output is 𝐱 = [𝑥1, … , 𝑥𝑛]𝑡. 

2: Let 𝐱′ = [𝑥1
′ , … , 𝑥𝑛

′ ]𝑡 where 𝑥𝑖
′ = 1 with probability 1 − (1 − 𝑥𝑖)

ln|𝐸|+ln 2. 

3: If 𝐱′ satisfies the constraint outputs 𝐱, otherwise goto 1 

 We will analyze the objective value of the randomized rounding algorithm from now. Again, 

we will denote the objective value of the output from our algorithm by 𝑆𝑂𝐿, and denote the optimal 

value by 𝑂𝑃𝑇. In the following theorem, we will use Markov inequality. For any random variable of 

which the expected value is 𝐸𝑋𝑃, the probability that the variable value is more than 𝑎 is no more than 

𝐸𝑋𝑃/𝑎. By that, the probability that the variable is more than 2 ⋅ 𝐸 is no more than 
𝐸𝑋𝑃

2⋅𝐸𝑋𝑃
= 1/2. 

Theorem: With probability 1/2, 𝑆𝑂𝐿 ≤ 2 ⋅ (ln|𝐸| + ln 2) ⋅ 𝑂𝑃𝑇. 

Proof: By the notations, we have 𝑆𝑂𝐿 = ∑ 𝑥𝑖
′

𝑖 . Each person 𝑖 will contribute 1 to ∑ 𝑥𝑖
′

𝑖  with probability 

1 − (1 − 𝑥𝑖)ln|𝐸|+ln 2 and contribute 0 with probability (1 − 𝑥𝑖)ln|𝐸|+ln 2. The expected contribution 

(expected value of 𝑥𝑖
′) is then 

1 ⋅ [1 − (1 − 𝑥𝑖)ln|𝐸|+ln 2] + 0 ⋅ (1 − 𝑥𝑖)ln|𝐸|+ln 2 = 1 − (1 − 𝑥𝑖)ln|𝐸|+ln 2. 

Because of that, the expected value of ∑ 𝑥𝑖
′

𝑖  is ∑ [1 − (1 − 𝑥𝑖)ln|𝐸|+ln 2
𝑖 ] . Because 1 − (1 −

𝑥𝑖)ln|𝐸|+ln 2 ≤ (ln|𝐸| + ln 2)𝑥𝑖, we have 

Expected value of 𝑆𝑂𝐿 = ∑[1 − (1 − 𝑥𝑖)ln|𝐸|+ln 2

𝑖

] ≤ ∑[(ln|𝐸| + ln 2)𝑥𝑖]

𝑖

= (ln|𝐸| + ln 2) ∑ 𝑥𝑖

𝑖

≤ (ln|𝐸| + ln 2)𝑂𝑃𝑇 

. 

 By the Markov inequality, the probability that the 𝑆𝑂𝐿  is more than 2 ⋅ 𝐸𝑋𝑃 = 2 ⋅
(ln|𝐸| + ln 2) ⋅ 𝑂𝑃𝑇 is no more than 0.5. 

    

 By randomized rounding, we reduce the approximation ratio from 𝑘  to around 2 ⋅
(ln|𝐸| + ln 2) ≤ 4 ln 𝑛 + 𝑂(1). 

  



Principle Component Analysis (PCA) 

PCA is one of the most conventional machine learning technique for dimensionality reduction. Suppose 

that we are considering a data with large dimension. It is usually very hard to extract information using 

any machine learning algorithm in this situation. However, in many cases, it is possible to represent the 

data using few dimensions without losing a lot of information.  

Several works propose how to select those few dimensions. In PCA, the dimensions selected 

are not original dimensions, but a “linear combination” of dimensions. In the following figure, the 

selected dimension is not “x” or “y” but the brown line, which can be denoted by the equation 𝑥 − 𝑦 =

0. We can also denote the dimension by a vector of which elements are coordinate in the equation. In 

the example, we can denote the dimension by vector (
1

−1
). 

 

 Suppose that we have 𝑛 records and 𝑑 dimensions and all data are real numbers. We can denote 

all the data by matrix 𝐗 with 𝑛 rows and 𝑑 columns. Each row corresponds to a record, and each column 

corresponds to a dimension. PCA claims that a combination of dimensions, denoted by 𝐯, can represent 

the maximum amount of information in 𝐗, if it is a unit vector that maximize 𝐯𝑡𝐗𝑡𝐗𝐯. We have the 

following optimization model: 

Input:   Matrix 𝐗 

Output:   Vector 𝐯 = [𝑣1, … , 𝑣𝑛]t 

Constraint:  𝑣1
2 + ⋯ + 𝑣𝑛

2 = 1 (𝐯 is a unit vector.) 

Objective Function: Maximize 𝐯𝑡𝐗𝑡𝐗𝐯 

 Fortunately, it is possible to solve the above optimization model. That could be a reason why 

PCA is one of the most well-known dimensionality reduction technique. 

Sparse PCA 

Consider the case when we have a data that contains frequencies of words in all books at a library. Each 

record corresponds to a book and each dimension corresponds to a word. We want to cluster the books 

into groups. As the number of words is as large as 40,000, we want to use a dimensionality reduction 

algorithm. Suppose that we use PCA, and have 2 dimensions 𝐯𝟏, 𝐯𝟐 from the algorithm. We cluster the 

books based on 𝐯𝟏, 𝐯𝟐. An example of results is shown in the figure in the following page. 

 After we get the clustering results, we want to know what books in Group 2 is about. We know 

from the results that the values in dimensions 𝐯𝟏  and 𝐯𝟐  are large. However, as 𝐯𝟏  and 𝐯𝟐  are 

combinations of large number of dimensions (words), it is quite hard to make sense of the clustering 

results. 

 



 

 If the dimensions 𝐯𝟏, 𝐯𝟐 are not combinations of all words, but combinations of only few words. 

We might be able to check what those few words are about, and guess what groups stand for. Because 

of that, we would like to limit the number of non-zero elements in 𝐯𝟏  and 𝐯𝟐 . We then have the 

following optimization model. 

Input:   Matrix 𝐗, integer 𝑘 

Output:   Vector 𝐯 = [𝑣1, … , 𝑣𝑛]t 

Constraint:  𝑣1
2 + ⋯ + 𝑣𝑛

2 = 1 (𝐯 is a unit vector.) 

   Number of non-zeros in 𝐯 is no more than 𝑘. 

Objective Function: Maximize 𝐯𝑡𝐗𝑡𝐗𝐯 

 We call the above optimization model as “sparse PCA”. The optimization model is 

unfortunately NP-Hard, and we need approximation algorithm for the problem. 

Randomized Rounding for Sparse PCA 

In this section, we will discuss an algorithm for sparse PCA proposed in [2]. The algorithm first solve 

the following optimization model. 

Input:   Matrix 𝐗, integer 𝑘 

Output:   Vector 𝐯 = [𝑣1, … , 𝑣𝑛]t 

Constraint:  𝑣1
2 + ⋯ + 𝑣𝑛

2 = 1 (𝐯 is a unit vector.) 

   |𝑣1| + ⋯ + |𝑣𝑛| ≤ √𝑘. 

Objective Function: Maximize 𝐯𝑡𝐗𝑡𝐗𝐯 

In word, instead of having small number of non-zeros (small ℓ0), we want to have a small sum (small 

ℓ1). It is known that, while it is usually very hard to deal with ℓ0, it usually much easier to deal with ℓ1. 

Actually, we can solve the ℓ1 problem using libraries for semi-definite programming (SDP).  

 The problem here is how to converse a vector with small ℓ1 to a vector with small ℓ0. As you 

may guess, we will use the randomized rounding technique. Suppose that we have 𝐯 = [𝑣1, … , 𝑣𝑛]𝑡 

from the library for ℓ1 problem. From 𝐯, we want to find a solution for the sparse PCA problem, denoted 

by 𝐯′ = [𝑣1
′ , … . , 𝑣𝑛

′ ]. For a positive integer 𝑠 that we will define later, we have  

𝑝𝑖 ≔ min {𝑠 ⋅
|𝑣𝑖|

|𝑣1| + ⋯ + |𝑣𝑛|
, 1}. 



We will have  𝑣𝑖
′ = 𝑣𝑖/𝑝𝑖 with probability 𝑝𝑖, and 𝑣𝑖

′ = 0 otherwise. When |𝑣𝑖| is large, the probability 

that we have 𝑣𝑖
′ ≠ 0 is also large. On the other hand, when |𝑣𝑖| is small, we are likely to have 𝑣𝑖

′ = 0. 

 The expected number of non-zeros in v′ is ∑ 𝑝𝑖𝑖 . Because 𝑝𝑖 ≤ 𝑠 ⋅
|𝑣𝑖|

|𝑣1|+⋯+|𝑣𝑛|
, we know that the 

expected number is no more than 

∑ 𝑠 ⋅
|𝑣𝑖|

|𝑣1| + ⋯ + |𝑣𝑛|
𝑖

=
𝑠

|𝑣1| + ⋯ + |𝑣𝑛|
∑ |𝑣𝑖|

𝑖

= 𝑠. 

When 𝑠 = 𝑘, the expected number of non-zeros is 𝑘.  

 We have the constraint on number of non-zeros satisfied. Let consider the constraint 

∑ (𝑣𝑖
′)2

𝑖 = 1. We know that (𝑣𝑖
′)2 = 𝑣𝑖

2/𝑝𝑖
2 with probability 𝑝𝑖 and equal to 0 with probability 1 − 𝑝𝑖. 

The expected contribution of (𝑣𝑖
′)2 to the summation is: 

𝑝𝑖 ⋅
𝑣𝑖

2

𝑝𝑖
2 + (1 − 𝑝𝑖) ⋅ 0 =

𝑣𝑖
2

𝑝𝑖
. 

We will separately consider the case when 𝑝𝑖 = 1  and 𝑝𝑖 = 𝑠 ⋅
|𝑣𝑖|

|𝑣1|+⋯+|𝑣𝑛|
. When 𝑝𝑖 = 1 , the 

contribution is 𝑣𝑖
2. When 𝑝𝑖 = 𝑠 ⋅

|𝑣𝑖|

|𝑣1|+⋯+|𝑣𝑛|
, the contribution is  

𝑣𝑖
2

𝑝𝑖
= (∑|𝑣𝑖|

𝑖

) ⋅
𝑣𝑖

2

𝑠 ⋅ |𝑣𝑖|
=

|𝑣𝑖|

𝑠
⋅ ∑|𝑣𝑖|

𝑖

≤
|𝑣𝑖|

𝑠
(|𝑣𝑖| + ∑|𝑣𝑖|

𝑖

) ≤
𝑣𝑖

2

𝑠
+

|𝑣𝑖|

𝑠
⋅ ∑|𝑣𝑖|

𝑖

≤ 𝑣𝑖
2 +

|𝑣𝑖|

𝑠
⋅ √𝑘. 

When we sum all the contributions together, we have 

∑ 𝑣𝑖
2

𝑝𝑖=1

+ ∑ (𝑣𝑖
2 +

|𝑣𝑖|

𝑠
⋅ √𝑘)

𝑝𝑖<1

= ∑ 𝑣𝑖
2

𝑝𝑖=1

+ ∑ 𝑣𝑖
2

𝑝𝑖<1

+ ∑
|𝑣𝑖|

𝑠
⋅ √𝑘

𝑝𝑖<1

= ∑ 𝑣𝑖
2

𝑖

+
√𝑘

𝑠
∑|𝑣𝑖|

𝑖

= 1 +
√𝑘

𝑠
⋅ √𝑘 = 1 +

𝑘

𝑠
. 

Although we want to have ∑ 𝑣𝑖
2

𝑖 = 1, we unfortunately have the expected value of ∑ 𝑣𝑖
2

𝑖  equal to 1 +
𝑘

𝑠
. When 𝑠 = 𝑘, we will have the expected value no more than 2. That violates the constraints of the 

sparse PCA problem.  

 We now have a dilemma between two constraint. Recall that the expected number of non-zeros 

is 𝑠, while the expected value of ∑ 𝑣𝑖
2

𝑖  is 1 +
𝑘

𝑠
. We will have a lot of non-zeros when 𝑠 is large, while 

we will have a large ∑ 𝑣𝑖
2

𝑖  when 𝑠 is small. Experimentally, the authors have not got a nice result when 

𝑠 is as large as 200 ⋅ 𝑘. The expected value of ∑ 𝑣𝑖
2

𝑖  will be no more than 1 +
𝑘

200𝑘
 = 1.005 (which is 

very close to 1. The number of non-zeros is can be as large as 200 ⋅ 𝑘, but, in the experimental results, 

the authors have a much smaller number. 

  



 The randomized rounding algorithm is then as follows: 

1: Solve the ℓ1-sparse PCA problem using SDP library.  

     Suppose that the output from the library is 𝐯 = [𝑣1, … , 𝑣𝑛]𝑡 . 

2: Output 𝑣′ = [𝑣1
′ , … , 𝑣𝑛

′ ] when 𝑣𝑖
′ = 𝑣𝑖/𝑝𝑖 with  

     probability 𝑝𝑖 ≔ min {200𝑘 ⋅
|𝑣𝑖|

|𝑣1|+⋯+|𝑣𝑛|
, 1}, and 0 otherwise.  

 Suppose that 𝑂𝑃𝑇 is the optimal value and 𝑆𝑂𝐿 is the objective value of the solution from the 

above algorithm. Because we are working on the maximization problem, 𝑆𝑂𝐿 ≤ 𝑂𝑃𝑇. The author can 

prove the following theorem: 

Theorem: For any particular input, 𝑆𝑂𝐿 ≥ 𝑂𝑃𝑇 − 1. 

As the proof contains a lot of calculation, we will skip the proof in this lecture note.   

Previously, we usually have 𝑆𝑂𝐿 ≥ 𝛼 ⋅ 𝑂𝑃𝑇, while 𝛼 is called as approximation ratio. We have 

𝑆𝑂𝐿 ≥ 𝑂𝑃𝑇 − 𝛽 in the above theorem. The variable 𝛽 is usually called additive approximation ratio.  

The fact that the difference between 𝑆𝑂𝐿 and 𝑂𝑃𝑇 is no more than 1 looks promising. However, 

when 𝑂𝑃𝑇 is as small as 0.5, 𝑂𝑃𝑇 − 1 = −0.5. We can only guarantee 𝑆𝑂𝐿 ≥ −0.5, which is trivial 

because any vector 𝐯 will have 𝐯𝑡𝐗𝑡𝐗𝐯 ≥ 0. This is the reason why the additive approximation ratio is 

not as common as the multiplicative approximation ratio – it cannot provide a good guarantee for any 

input.  

Actually, the authors can prove that 𝑆𝑂𝐿 ≥ 𝑂𝑃𝑇 − 𝜖 for 𝑠 =
200𝑘

𝜖2 . 

Exercises 

Online learning platforms, like Coursera or EdX, were expected to replace conventional educations a 

few years ago. However, they are failed to do so. The dropout rate of each course is very large, and 

students are not very motivated to continue.  

 An insufficient communication between students could cause that large dropout rates. There 

are several communication methods such as forums or Slack, but they still cannot replace in-person 

communications.  

 The platforms now recommend the courses to each user, but we will change their advertising 

strategy in this problem. We will assume that they recommend courses to a friendship. Instead of telling 

Alice courses that she might interested, we will tell Alice and Bob, who are friends of each other, the 

courses that they might interested in learning together. 

 We want to maximize the number of courses we can recommend, i.e. the sum of 

recommendations to all friendship. However, we do not want to recommend too many courses to a 

particular person, otherwise he/she may consider our recommendations as spams. For example, suppose 

that we have 3 persons, A, B, and C in our platform. Assume that A and B know each other, B and C 

know each other, and A and C know each other. When a person should not be recommended more than 

3 courses, we can recommend 1 course to the A-B friendship, 2 courses to the A-C friendship, and 1 

course to the B-C friendship. For simplicity, you need not to care the set of courses recommended to a 

particular friendship. All you need to care in this problem is a number of courses recommended.  

 From the following questions, let us formulize the above situation to a mathematical model. 

Question 1: What is the input of your optimization model? 

Question 2: What is the output of your optimization model? 



Question 3: What is the objective function of your optimization model? 

Question 4: What is the constraint of your optimization model? 

Question 5: Assume that the number of courses can be real numbers. Discuss how you can use a library 

for linear programs to solve your optimization model. 

Question 6: Discuss how you can use the randomized rounding technique to solve your optimization 

model. 

Question 7: Using Markov’s inequality, what is the probability that your solution from Question 6 

satisfies the constraint in Question 3. 

Question 8: What is the approximation ratio of your randomized rounding technique in Question 6? 

From next question, let us consider the set cover problem when the input is 𝑉 = {1,2,3,4} and 𝐸 =
{{1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}}. 

Question 9: What is an optimal solution and the optimal value for this input? 

Question 10: What is the LP file for CPLEX?  

Question 11: What is the result you have got from CPLEX? 

Now, write the randomized rounding algorithm in your preferred language. Prepare to run the algorithm 

for 100 times.  

Question 12: Write a function to check if a result of the randomized rounding algorithm satisfies the 

set cover constraint. How many iterations that you have a valid solution? 

Question 13: Write a program to calculate an objective value for each result. Which valid result give 

the best objective value?. 
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